
Boolean Algebras and Category TheoryOlaf MerkertMay 13, 2008Abstra
tThese notes to a talk de�ne Boolean Algebras in the language of Category the-ory. In order to show the Tarski-Lindenbaum-Duality, 
ompleteness and atoms aredis
ussed apart from basi
 properties of Boolean Algebras. There are also some(impli
it) examples of how Category theory gives some properties �for free�.1 PreordersRe
all that a preorder is a 
ategory with at most one morphism between two obje
ts. Apartial order is a preorder where isomorphi
 obje
ts are equal.In a preorder, we write a ≤ b if there is a morphism from obje
t a to obje
t b.Fun
tors between preorders are exa
tly monotone fun
tions; 
ovariant if in
reasing,
ontravariant if de
reasing.2 Boolean AlgebrasDe�nition. A partial order (B,≤) is 
alled a Boolean Algebra, if the following 
onditionshold:1. It has an initial and a terminal obje
t, denoted 0 and 1.2. It has binary produ
ts and 
oprodu
ts, denoted ∧ and ∨.3. For all x ∈ B, the fun
tor x ∧ · has a right adjoint and the fun
tor x ∨ · has a leftadjoint.4. There is a inje
tive fun
tor ¬ : B → B◦, mapping ea
h obje
t to its 
omplement,whi
h has a right adjoint and for whi
h ¬a ≤ a implies a = 1.Remark. Noti
e that the fun
tors and adjoints we ask for are fun
tors of preorders, butthe fun
tors of Boolean Algebras are also exa
tly monotone fun
tions.1



Boolean Algebras and Category Theory September 17, 2008This de�nition uses 
ategori
al notions, but it is equivalent to the �
lassi
al� (non-
ategori
al) notion of Boolean Algebra. Part 1 and 2 simply say there is a least and agreatest element and that any two elements have a greatest 
ommon lower bound and aleast 
ommon upper bound. These have the following (obvious) properties for any a in
B:

a ∧ a = a, a ∨ a = a, a ∧ 1 = a, a ∨ 0 = aProposition 2.1. Boolean Algebras are distributive with respe
t to both ∧ and ∨.Proof. x ∧ · and x ∨ · are in fa
t fun
tors of preorders. It is su�
ient to show they areorder-preserving:
a ≤ b ⇒ x ∧ a ≤ b , x ∧ a ≤ x =⇒ x ∧ a ≤ x ∧ b

a ≤ b ⇒ a ≤ x ∨ b , x ≤ x ∨ b =⇒ x ∨ a ≤ x ∨ bBy 
ondition 3, x∧ · is a left adjoint, thus it preserves 
oprodu
ts and x∨ · is a rightadjoint, thus it preserves produ
ts. This gives exa
tly distributivity of ∧ and ∨.Proposition 2.2. For every obje
t x in B, we have ¬x ∧ x = 0 and ¬x ∨ x = 1.Proof. We ask ¬ to be a fun
tor, that is an order-reversing fun
tion. So we obtain
a ≤ b =⇒ ¬b ≤ ¬a.For b in B let a su
h that b ≤ a and ¬b ≤ a. The above gives ¬a ≤ ¬b, with ¬b ≤ afollows ¬a ≤ a and a = 1. We obtain ¬b ∨ b = 1.As ¬ is a left adjoint, it preserves 
olimits, in parti
ular the initial obje
ts. As 
olimitsbe
ome limits in the dual 
ategory, it follows immediately that ¬0 = 1.Let now b ≤ ¬b. As ¬ is order-reversing, we have ¬(¬b) ≤ ¬b. Putting a = ¬b,

¬a ≤ a implies that ¬b = a = 1 = ¬0. E.g. by inje
tivity, we obtain b = 0.Now 
onsider again any b in B. Let a su
h that a ≤ b and a ≤ ¬b. The order-reversingproperty gives ¬b ≤ ¬a, thus a ≤ ¬a whi
h implies by the above a = 0 and we have
¬a ∧ a = 0.Proposition 2.3. The 
omplement ¬a is the unique b whi
h satis�es b ∧ a = 0 and
b ∨ a = 1.Proof. Let b as in the proposition. Now by using distributivity:

b = b ∧ 1 = b ∧ (¬a ∨ a) = (b ∨ ¬a) ∧ (b ∨ a) = b ∨ ¬a ≥ ¬aWe obtain in the same way that ¬a ≥ b. So ¬a and b are isomorphi
 whi
h implies
¬a = b.
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Boolean Algebras and Category Theory September 17, 2008Proposition 2.4. ¬¬ = idB, thus ¬ is a bije
tion and self-adjoint. It follows that ¬preserves 
oprodu
ts and produ
ts.Proof. The pre
eding proposition implies immediately that ¬(¬a) = a for all a in B bythe symmetry of the 
onditions for the 
omplement. So ¬¬ ≡ idB and ¬ is in fa
t self-adjoint. Order-reversing gives ¬a ≤ b ⇔ ¬b ≤ ¬¬a = a and thus a natural isomorphism
HomB(¬a, b) ≃ HomB◦(a,¬b)Naturality is evident as the Hom-Set 
ontains at most one element. So ¬ is both a leftand right adjoint and thus preserves limits and 
olimits. This gives immediately DeMorgan's laws:

¬(a ∧ b) = ¬a ∨ ¬b and ¬(a ∨ b) = ¬a ∧ ¬b.Equivalen
e with standard de�nitionCommon de�nitions for Boolean Algebras require a partial order with a smallest andgreatest element and for any two elements, a least 
ommon upper bound and a greatest
ommon lower bound. These 
orrespond with part 1 and 2 of our de�nition. Additionally,the partial order has to be distributive and provide a 
omplement ¬x for every element xsatisfying ¬x ∧ x = 0 and ¬x∨ x = 1. As shown above, one obtains ¬¬x = x by uni
ityof the 
omplement.We have already shown that our de�nition gives a stru
ture whi
h satis�es these
lassi
al 
onditions. But we 
an also show that any stru
ture satisfying the 
lassi
al
onditions is a Boolean Algebra as de�ned above.
x∧a ≤ b ⇒ ¬x∨ (x∧a) ≤ ¬x∨ b ⇒ (¬x∨x)∧ (¬x∨a) ≤ ¬x∨ b ⇒ a ≤ ¬x∨a ≤ ¬x∨ b

a ≤ ¬x ∨ b ⇒ x ∧ a ≤ x ∧ (¬x ∨ b) ⇒ x ∧ a ≤ (x ∧ ¬x) ∨ (x ∧ b) ⇒ x ∧ a ≤ x ∧ b ≤ bThis gives adjun
tions for x ∧ · and x ∨ · (remember these are order-preserving):
HomB(x ∧ a, b) ≃ HomB(a,¬x ∨ b) (1)

HomB(¬x ∧ a, b) ≃ HomB(a, x ∨ b) (2)Now show that ¬ is order-reversing:
a ≤ b ⇒ ¬b∧a ≤ ¬b∧b = 0 ⇒ ¬a = ¬a∨(¬b∧a) = (¬a∨¬b)∧(¬a∨a) = ¬a∨¬b ⇒ ¬b ≤ ¬aThis gives an adjun
tion by the self-inverse property:

HomB(¬a, b) ≃ HomB◦(a,¬b) (3)Finally, we 
he
k that ¬a ≤ a implies a = 1 by a ≥ a ∨ ¬a = 1.3



Boolean Algebras and Category Theory September 17, 20083 Completeness and AtomsDe�nition. A Boolean Algebra is 
alled 
omplete, if it is 
omplete and 
o
omplete as a
ategory.Remark. In fa
t, all that is needed are small produ
ts and 
oprodu
ts, but the existen
eof those makes the 
ategory (
o)
omplete by a proposition from the le
ture.For any A ⊂ B, we write ∧A for the produ
t and ∨A for the 
oprodu
t of allelements of A. Additionally, we allow the notations
∧

A =
∧

a∈A

a and ∨

A =
∨

a∈A

a.We also noti
e these relations for A,B ⊂ B:
∧

A ∧
∧

B =
∧

(A ∪ B) and ∨

A ∨
∨

B =
∨

(A ∪ B)the above implies: A ⊂ B =⇒
∧

A ≤
∧

B and ∨A ≤
∨

BDe�nition. An obje
t a in a Boolean Algebra B is 
alled an atom, if a 6= 0 and b ≤ aimplies b = 0 or b = a.De�nition. For A ⊂ B, we put Atoms(A) = {a atom|a ≤
∨

A}, that is the set of atomsbelow the 
oprodu
t of A.Remark. If we put A = B, 
ertainly is 1 ∈ A. Thus ∨A = 1 and thus Atoms(A) isexa
tly the set of all atoms in B.De�nition. A Boolean Algebra B is 
alled atomi
, if for every x ∈ B we have x =
∨

Atoms(x).Remark. This allows us to think of Atoms(B) as the set of generators of B � but we willput this more pre
isely later.Obviously 1 =
∨

Atoms(B) holds in an atomi
 Boolean Algebra.Proposition 3.1. Let B an atomi
 Boolean Algebra. If c ∈ Atoms(B), A ⊂ B and
c ≤

∨

A then there exists an a ∈ A su
h that c ≤ a (i.e. we 
an pull atoms ba
k).Proof. We obtain this from the adjun
tion of x ∧ ·

a ∧ b = 0 ⇔ b ≤ ¬a.Now for c an atom, let c 6≤ a. It follows c∧ a = 0 from c∧ a ≤ c. On the other hand,if c ∧ a = 0, then as c ≤ a implies c = c ∧ a, we have c 6≤ a. This yields
c 6≤ a ⇔ a ≤ ¬c.In order to prove the proposition, assume that c 6≤ a for all a ∈ A. Then a ≤ ¬c forall a ∈ A, thus ∨A ≤ ¬c. But his means c 6≤

∨

A, whi
h 
ontradi
ts the assumption
c ≤

∨

A. 4



Boolean Algebras and Category Theory September 17, 20084 Homomorphisms of Boolean AlgebrasDe�nition. A map F : B → C is 
alled a homomorphism of Boolean Algebras B and Cif it preserves small produ
ts and 
oprodu
ts (in
luding empty ones).Remark. Homomorphisms preserve 0 and 1,the empty 
oprodu
t and produ
t, and 
om-plements, as those are 
hara
terised by x ∧ ¬x = 0 and x ∨ ¬x = 1.Homomorphisms are also order-preserving, as a∧ b = b ⇔ b ≤ a. So homomorphismsare fun
tors (But fun
tors are not ne
essarily homomorphisms1).One very prominent example of a homomorphism is ¬ by its adjoint properties.Moreover, as it is self-inverse, it is a
tually an isomorphism, thus B ≃ B◦. This tells usthat Atoms(B◦) = ¬Atoms(B).Proposition 4.1. If a map f : B → C between Boolean algebras preserves 
oprodu
tsand 
omplements, it is a homomorphism.Proof. Let A ⊂ B. We write f(A) = {f(a)|a ∈ A} for any f and by the adjoint andself-inverse properties of ¬ follows:
f
(

∧

A
)

= f
(

¬
∨

¬A
)

= ¬
∨

¬f(A) =
∧

f(A)Proposition 4.2. CABool with Complete Atomi
 Boolean Algebras as obje
ts and ho-momorphisms between them as arrows is a 
ategory.Proof. The existen
e of an identity for every CABA is pretty obvious and so are thelaws of asso
iativity and identity if the 
omposition of homomorphisms is well de�nedby 
omposition of maps.So let F : A → B and G : B → C two homomorphisms. Show that G ◦ F preserves
oprodu
ts and produ
ts:Let A ⊂ A.
G ◦ F

(

∨

A
)

= G
(

∨

F (A)
)

=
∨

G ◦ F (A)Analogi
ally for the produ
t.5 The Tarski-Lindenbaum-DualityTheorem 1. CABool is equivalent to Sets◦.Remark. In this se
tion Boolean Algebras are always 
omplete and atomi
.Proposition 5.1. For a set X, the powerset P (X) ordered with in
lusion is a CompleteAtomi
 Boolean Algebra, where the atoms are exa
tly the singleton subsets of X.A map of sets f : Y → X gives a homomorphism of Boolean Algebras by the inverseimage f−1 : P (X) → P (Y ).1e.g. 
onsider the map from any B to {0, 1} whi
h sends everything to 1.5



Boolean Algebras and Category Theory September 17, 2008Proof. The �rst statement is self-evident by the de�nition of Set Algebra,2 where theinterse
tion is the produ
t, the union is the produ
t and the 
omplement is � of 
ourse� the set 
omplement in X. The empty set is the initial, X itself is the terminal obje
t.For the se
ond part, expand the de�nition of f−1 : P (X) → P (Y ):
A ⊂ X f−1(A) = {b ∈ Y |∃a ∈ Awith f(b) = a}Now 
onsider a family (Ai)i∈I

of subsets of X and 
he
k that union and interse
tion arestable under f−1.
f−1

(

⋃

i∈I

Ai

)

=

{

b ∈ Y

∣

∣

∣

∣

∣

∃a ∈
⋃

i∈I

Ai : f(b) = a

}

= {b ∈ Y |∃i ∈ I : ∃a ∈ Ai : f(b) = a}

=
⋃

i∈I

{b ∈ Y |∃a ∈ Ai : f(b) = a} =
⋃

i∈I

f−1 (Ai)

f−1

(

⋂

i∈I

Ai

)

=

{

b ∈ Y

∣

∣

∣

∣

∣

∃a ∈
⋂

i∈I

Ai : f(b) = a

}

= {b ∈ Y |∀i ∈ I : ∃a ∈ Ai : f(b) = a}

=
⋂

i∈I

{b ∈ Y |∃a ∈ Ai : f(b) = a} =
⋂

i∈I

f−1 (Ai)This gives a 
ontravariant fun
tor F : Sets → CABool whi
h assigns to every set Xthe Boolean Algebra P (X) and to every map f : Y → X between sets the homomorphismfrom the above Proposition f−1 : P (X) → P (Y ). So F is a 
ovariant fun
tor from Sets◦to CABool.Proposition 5.2. There is a fun
tor G : CABool → Sets◦ whi
h assigns to every BooleanAlgebra its set of atoms.Proof. Obviously we have to de�ne what G should do with homomorphisms su
h thatit be
omes a fun
tor. So let g : B → C a homomorphism of Boolean Algebras. We set
G(g) : G(C) → G(B) by putting G(g)(c) = b for all c ∈ G(C) and where b is the unique
b ∈ G(B) with c ≤ g(b).This b exists, be
ause 1B =

∨

Atoms(B) and 
onsequently c ≤ 1C = g(1B) =
∨

{g(b)|b ∈ Atoms(B)} gives by proposition 3.1, that there is g(b) with c ≤ g(b). Itis also unique, be
ause if b1 6= b2 are atoms in B and c ≤ g(b1) and c ≤ g(b2), then
c ≤ g(b1) ∧ g(b2) = g(b1 ∧ b2) = g(0) = 0.2Set Algebra is more or less de�ned in the same way as Boolean Algebra.
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Boolean Algebras and Category Theory September 17, 2008If g = idB, it follows that G(g)(c) = c for all c ∈ Atoms(B), so G(idB) = idAtoms(B).For g : A → B and g′ : B → C homomorphisms we have
G(g)(b) = a with b ≤ g(a), G(g′)(c) = b with c ≤ g′(b)so G(g) ◦ G(g′)(c) = a with c ≤ g′(g(a))as in G(g′ ◦ g)(c̃) = ã with c̃ ≤ (g′ ◦ g)(ã)So G is indeed a fun
tor.Proof. (of Theorem 1)In order to show that the fun
tors F and G give an equivalen
e (or rather duality)between 
ategories, we have to show that we have natural isomorphisms between the
omposites F ◦ G, G ◦ F and the respe
tive identity fun
tors.For any X in Sets◦ we have

X
F

−→ P (X)
G

−→ Atoms(P (X)) = {{x}|x ∈ X}Clearly, the set of singleton subsets is isomorphi
 to the set itself. Obviously, this givesa natural isomorphism idSets◦
∼

−→ G ◦ F .Furthermore, we need a natural isomorphism η : F ◦ G
∼

−→ idCABool:
ηB : P (Atoms(B)) → B

A 7→
∨

AThis map is 
ertainly bije
tive by de�nition of a 
omplete atomi
 Boolean Algebra whi
hsays that every obje
t in B is exa
tly the 
oprodu
t of the atoms below it and that all
oprodu
ts (of atoms) exist.Consider a family (Ai)i∈I
of subsets of Atoms(B). Keep in mind the a's are all atoms:

∃i ∈ I, a ∈ Ai ⇔ a ≤
∨

i∈I

∨

Ai =⇒
∨

i∈I

∨

Ai =
∨⋃

i∈I

Ai

∀i ∈ I, a ∈ Ai ⇔ a ≤
∧

i∈I

∨

Ai =⇒
∧

i∈I

∨

Ai =
∨⋂

i∈I

AiThus ηB is a homomorphism of Boolean Algebras.Finally, we have to 
he
k that η is natural. But any homomorphism between atomi
BA's is fully determined by the images of the atoms, so su
h a homomorphism givesimmediately a homomorphism on P (Atoms(B)).Remark. This ni
e Theorem 1 says that Complete Boolean Algebras are exa
tly what wethink they are � just powersets. It also 
on�rms the idea of atoms as generators.
7



Boolean Algebras and Category Theory September 17, 2008A Some general remarks
• Finite Complete Boolean Algebra are evidently atomi
, thus their 
ardinality is apower of two (as they are isomorphi
 to the powerset of their atoms).
• ∅ is not a Boolean Algebra, as it has neither minimal obje
t nor maximal obje
t.
• {∗} where ∗ = 0 = 1 is the most simple Boolean Algebra. It has Atoms = ∅.
• Next 
omes {0, 1}, whi
h is in fa
t the most widely used Boolean Algebra. True andfalse are the only truth values in standard logi
 whi
h plays a big role in 
omputers
ien
e.
• Asso
iated to Boolean Algebras are the Boolean rings with x2 = x for all x. TheBoolean Ring to {0, 1} is of 
ourse F2 whi
h in
identally is the only the BooleanRing that is an integral domain.
• As we have seen, the axioms of Boolean Algebra imply the rule of ex
luded middle.
• There are non-atomi
, but 
omplete Boolean Algebras. E.g. one 
an de�ne anordering on 
lasses of logi
 formulas by using impli
ation. But for any formula F ,we 
onsider a variable x whi
h does not appear in F . Then F ∧ x ⇒ F , but not

F ⇒ F ∧ x, so F and F ∧ x have di�erent 
lasses, and [F ∧ x] ≤ [F ].
• As Boolean Algebras are 
ategories, they 
an be seen as graphs as demonstratedin the �gure.

b

b b b b

b b b b b b

b b b b

b

Figure 1: Graph of a Complete Boolean Algebra with four atomsReferen
es[1℄ René Cori; Daniel Las
ar. Logique mathématique, volume I., 
hapter 2, Algèbres deBoole, pages 91�109. Masson, Paris � Milan � Bar
elone � Bonn, 1993.[2℄ S. Ma
 Lane. Categories for the working mathemati
ian, page 95�. Springer Verlag,se
ond edition, 1998.[3℄ Jaap van Oosten. Basi
 
ategory theory. http://www.math.uu.nl/people/jvoosten/,July 2002. Le
ture notes on Category Theory.8


	Preorders
	Boolean Algebras
	Completeness and Atoms
	Homomorphisms of Boolean Algebras
	The Tarski-Lindenbaum-Duality
	Some general remarks

